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Intermediate Mechanics of Materials: Chapter 6

Thin-Walled Structural Members

The learning objectives of this chapter are:

*  Understand the theory, its limitations, and its application in design and analysis of unsymmet-
ric bending of beam.

*  Understand the concept of shear center and how to determine its location.
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Pick up point in logic for unsymmetric
bending.

*  Drop the limitation that the beam has a plane of symmetry and the loading is in the plane of
symmetry. This changes the kinematic relationship between displacements and strains

*  Assume loading is such that there is no twisting of the cross-section.

V=

External force
and moments
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Theory

Theory objective is:
«  Relate the internal shear forces Ve Vs and internal moment M, M, to displacements v and w
and obtain the stresses in unsymmetric bending.

Deformation Behavior

Assumption 1 Deformations are not functions of time.
Assumption 2a The loads are such that there 1s no axial or torsional deformation.
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No twist implies: vy = iy +6_w =0
Ye 9z oy

v(x,¥,2) = v(x,¥) w(x,y,z) = w(x,z)
Assumption 2b Squashing action 1s significantly smaller then bending action.

_ ov _ ow
EL Yz T 3g
v = v(x) w = w(x)

Assumption 2¢ Plane sections before deformation remain plane after deformation.
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Assumption 2d Plane perpendicular to the axis remain nearly perpendicular after

deformation.
g o= i JC¥
dx dx
Strain Distribution
Assumption 3 The strains are small.
2 2
ey, =AY B
Todx dx2 dx2

Material Model

Assumption 4 Material 1s isotropic.

Assumption 5 There are no inelastic strain.
Assumption 6 Material 1s elastic.

Assumption 7 Stress and strains are linearly related

2 - —
Hooke’s Law: Oy Esxx

d2 d2

v W

G = —Ey—z—Ez—2
dx dx

Expanding Educational Herizens, LLC 6-4




madhuvable org

Intermediate Mechanics of Materials: Chapter 6

Internal forces and moments

Shear center

%
A
M, = 7jycxdi M, = 7.|.ZGxdi
A A
Vy = J.txydA V. = jtxzd/l
A A

T= j[(yfey)’cxzf(zf ez)*cxy]dA =0
A
* The maximum normal stress 6, in the beam should be nearly an order of magnitude (factor

of 10) greater than the maximum shear stress t,,, and 1,

¥
Sign Convention

Y -

S <=CE1D

Bending Formulas

2 2
Substituting 5, = —Eyd—;—Ez—V; into internal moment expression.
dx dx
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2 2 2
MZ:d—V'[Eyszer—w'[Eysz M deEy dA+_jE dA
7 7] ¥
dx 4 dx 4 dx 4 dx A
Assumption 8 Material 1s homogenous across the cross-section.
2 2 2 2
M, = EI, d—+EI d_‘”; M, = EI d—2+E] d—‘;’
dx dx dx dx

Area moment of inertia

f = J‘ysz T = jzsz Lo = jysz

yy ¥
A A A
Moment Curvature Relationship
2 = 2 -
dv _ 1[IyyMz IyZMyJ dw _ 1My IszzJ
P 2 E
dz [yyfzz IJ%Z dx Iyyfzz Ig.zzz

Stress Formula

2 2
IJ’J’IZZ IJ’Z ]yyfzz ]J’Z

(M LMy (LM LM
Cxx ~ - 5 VY|l =z

Location of origin

Centroid: jydA =0 J.sz =0

A A
* For a linear-elastic-homogeneous material cross section in unsymmetric bending the origin is
at the centroid of the cross section.

* Normal stress o, in bending varies linearly with y and z on a homogenous cross-section.

6-6
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Second Area Moment of Inertias

Parallel axis theorem

z, I =1 . +Ad

. N L 2
y

d
d |dy Ye

&
Iyz = chzc +Adydz
*  IyyandI,; are always positive and minimum about the axis passing through the centroid of the
body.
© I, can be positive or negative.
¢ Ifeither y or z axis is an axis of symmetry then I, will be zero.

Coordinate Transformation

Definition 1 The coordinate system in which the cross moment of inertia is zero is called
the principal coordinate system.

Definition 2 The moment of inertias in the principal coordinate system are called principal
moment of inertias.

¥ sind i1 = ycosB +zsind

t = —ysinB +zcosO
noH I\ £, = jt d4 = Iyycos B+ _sin B—ZIchos(-)smE)
| A
I e e . B i _
| v cos0 Irt - jn dd = lrnyII’I 9+fZZCOS 9+2]yzcosesm(—)
z
X e : 2 2
Z SN0~ £ 5 jmdA = (Iyy—fzz)cos(-)sine +Iyz(cos 0 —sin"0)
P z cosB A
- = 2
tan20 = i fy o = (Iyy+lr22)+ (]yy IZZ) + 72
s - Z
Bl 2 2 y

e Area moment of intertias are second order tensors.

I, I
e e e i B e N L B AU
zy Czz

*  Principal area moment of inertias are the eigenvalues of the [/] matrix.

*  Buckling occurs about the axis of minimum arca moment of inertias.
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C6.1  (a) Calculate the principal area moment of inertias for the cross section shown. (b) Deter-
mine the axis direction about which buckling would occur.
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Neutral Axis (o4, =0)

1,1 (M_/M)

N.A. equation: y = (tanf})z tanf3 =
Iyz—fyy(Mz/My)

* The orientation of the neutral axis depends upon the shape of cross-section as well as the
external loading.

* Bending normal stress &, is maximum at the point which is the farthest from the neutral axis.

* The displacement of the beam is always perpendicular to the neutral axis.

Equilibrium equations.

prdx szdx

M; 0 M, +dM, M, 5 M, +dM,

V-ﬂ—CbC—DVy+dVy V, [ —

¥ @ HE T Ve,

av, av,

& P &
o _ -V My _ 7
dx Y dx Z

Expanding Educational Herizens, LLC 6-9




madhuvable org

Intermediate Mechanics of Materials: Chapter 6

Boundary Value Problem

2, 2 2 ]
v, = -er, LY +Efyzd—1g} v, - i{ g1, Y
drl  “ax dx d dx” |
2 2 2
d dv d w:| d d*v w:|
- |E] —+FEl, — | =p _EI— El —|=p
dx2|: zz x2 yzdx2 ¥ dx2 yz i 2 yy de z
Assumption 9 The beam 1s not tapered.
3 3
El —3 +EI ds—‘;” =V, Efyzd— Efyyd—‘;” =V,
dx dx dx dx
EI d—Z+E] d%::py EI d—Z+E] d—‘j:pz
dx dx x dx
B _ {I(I Vd BT P l[IZZVZ—IZVJ
3 E 2 3 E
l Lyl 2z =1y, dx Lok s If;z
d4v 1 iTypy*]yzpz d4_w _ (I 2Pz ]2 p}_}]
i E i E 2
dx T dx L
Boundary conditions: at each end specify
v or Vy W or V.,
and and and
dv dw
e or M, s or My

(6.1a)

(6.1b)

(6.2)

(6.3)
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C6.2 A cantilever beam is loaded such that there is no twist. The distributed load acts in the y-z

plane at an angle of 24 from the x-y plane as shown below. On a section at x = 60 in, determine:
(a) the orientation of the neutral axis. (b) the maximum bending normal stress in the section.

o—din o] _4,_

50 Ib/in. 240 Lin.
¥y JJ’ ?
\ \ \\ A c 4in.
1in. p—

o
=4

< >|< 96 in. —u-‘

z 24 in. |<.—5.5 in_—c>| ?

C6.3  The modulus of elasticity for the beam in problem C6.2 is E = 30,000ksi. Determine the
deflection of the beam at x = 60 inch and show that it is perpendicular to the neutral axis.
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Shear stress in thin open sections

Free Edge

dN

e i 4 5
Equilibrium Equations: (Ng+ dNg) - Ng+ 1. tdx = 0 Bl = — i
Axial F ; N = dA = d dA

x1al Force: = j O Tl = — a_[ O
AS 5
Definition 3 The direction of the s-coordinate is from the free surface towards the point
where shear stress is being calculated.

Definition 4 The area A, is the area between free edge and the point at which the shear

stress is being evaluated.

g P d j|: [IyyszyjzzMyjy(IZZMnyzMz]Z] A

SX - dx
4, Lyylez=hz ‘ryyjzz_]iz
B b= diﬂf_yyMZ]inYJ | yda +(I_22Myfyzjl _ZJ sz}
& LY o N ol I I I /5
yyzz Cyz A yy'zz yz

We define the first moment of the area A as:

szjydA Qy:jsz
A A

g At

Assumption 10 The beam is not tapered. °
. |:Iyy(sz/dx)—Iyz(a’My/a’x)j| ﬁ [Jzz(dMy/dx)—fyz(sz/dx)} y

B F el BoF e

yy Iz “yz yy'zz  yz

g =L, r= [ILLZQZ_[ < ]V {I—LL”Q = ZQZi|V

I A o

yyzz  “yz yyzz  lyz

Expanding Educational Herizens, LLC 6-12




madhuvable org

Intermediate Mechanics of Materials: Chapter 6

C6.4 A thin cross-section of uniform thickness ¢ is shown below. If shear stresses were to be
found at points A4 and B what values of Oy, and O, are needed for the calculation. Assume 7 « a
and gap at D is of negligible thickness. Report the values of ¢, and (), in terms of f and .
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C6.5 Shear forces on the cross-section shown in C6.5 were calculated as Vy = 10 kips and

V. = =5 kips. The cross section has a uniform thickness of 1/8 in. Determine the bending shear

stresses at points 4 and B and report your answers as Tyy
¥
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Shear center

From statics we know that any distributed force can be replaced by a force and a moment at any
point, or, by a single force (and no moment) at a specific point. The specific point at which the
shear stress (shear flow) can be represented by just shear forces Yy and V7, (components of a single

force) and no internal torque is called the shear center.

Shear Center

Definition 5 Shear center is a point in space at which the shear stress due to bending can be
replaced by statically equivalent internal shear forces and no internal torque.
or
Definition 6 Shear center is a point in space such that if the line of action of external forces

pass through the point then the cross-section will not twist.
*  Fach cross-section has a unique shear center associated with it.
*  Shear center depends only on the geometry and is independent of the loading.
*  Shear center lies on the axis around which the shear stress distribution is symmetric.

*  Shear center de-couples the shear stresses due to bending from the shear stresses due to tor-
sion.

« Ifbending forces are not to produce any axial or torsional deformation then the external forces
must be along the line joining the centroid and the shear center of the cross-section.
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C6.6  The cross-section shown has a uniform thickness t. Assuming ¢ « a the shear stresses in
the cross section were found and are as given. (a) Replace the shear stresses by equivalent shear
forces and torque acting at the centroid C. (b) Determine the location of the point where the shear
stresses can be replaced by just shear forces and no torque, i.¢., determine the shear center.

L ’ T — K/t 0<s<2a
vy = K(-4a” 1 6as—5")/(2at) Ty = O 2a<s<4da
Ty = 0 T, = K(s—6a)/t da<s<6a

h
=
ty

fa— »—=

i

e — -
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C6.7 The cross-sections shown below has a uniform thickness ¢. Assume 1 « a. Assume a shear

force Vy =}/ acts on the cross section.

(a) Determine the shear flow on the entire cross section.

(b) Replace the shear flow by equivalent force and moment at point 4.

(¢) Determine the location of the point where the shear flow can be replaced by just the shear
flow with no moment.

Expanding Educational Herizens, LLC 6-17




madhuvable org

Intermediate Mechanics of Materials: Chapter 6

C6.8 The cross-section shown below has a uniform thickness f. Assuming f « a determine the
location of shear centers with respect to point A.
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C6.9 A thin walled open cross-section with a uniform thickness °¢* is shown. Assume f« a

and the gap is of negligible thickness. Determine the coordinates of the shear center e, and e, with

respect to the centroid at C.

ga
ﬁa

r— = ="
&
L — | —41
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C6.10 The cross-section shown below has a uniform thickness t and boundaries made from cir-

cular arcs. Assuming f « ¢ determine the location of shear centers with respect to point A in
terms of radius a and angle a.
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Shear stresses in thin closed sections

Thin closed section. An imaginary cut in closed section.

9. = 4,74
q. 15 the shear flow in the closed section at any point,
q 1s the shear flow of the open section, and
q, 1s the unknown shear flow at the starting point that has to be determined.
Shear strain can be written as:
Voo = @ + 8_\!5 = T_xs
o 0s Ox G
u and v, are displacement in the x and s direction, respectively, and
G 1s the shear modulus of elasticity.
s G ov
%a’s = :{;[%S%S}ds or u(sg) —u(sy) = {{%S as]ds
S4
Assumption 2a through Assumption 2¢ implies: Cross-section shape and dimension under-

goes negligible change. This implies that no point on the cross-section moves relative to the other
in the s-direction i.e., v, = 0 in pure bending.

Noting that u(sp) = u(s,) we obtain:

(5)ar - H(Er)ar -0

If the thickness is uniform across the cross-section.

Gy = ,éi;qu

where, S is the total path length of the perimeter of the cross-section.
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C6.11 The thin cross section shown below has a uniform thickness t and is subjected to a shear
force V), = I acting through the shear center. Determine the shear stress at points A and B in terms

of I a, and ¢.

¥
s
/ /2 \
N W™
] |
| ]
z [ |
- C
| | | -
0.672a | : '
|
!

C6.12 The thin cross section shown above has a uniform thickness ¢ and is subjected to a shear
force I, = 7 acting through the shear center. Starting with point 1, determine the shear stress at
points 4 and B in terms of I a, and t.

C6.13 Determine the shear center of the cross-section shown above relative to centroid C.
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C6.14 A cantilever beam 1s loaded as shown below. The cross-section has a uniform thickness of
t = 1/4 in. Determine the normal and shear stress at points A4 and B in cartesian coordinates on a
section next to the wall.

g

0.672a
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